Abstract. We argue that the phenomenon of vacuum birefringence in strong inhomogeneous electromagnetic fields can be most efficiently analyzed in terms of a vacuum emission process. In this contribution, we exemplarily stick to the case of vacuum birefringence in a stationary perpendicularly directed, purely magnetic background field extending over a finite spatial extent. Similar field configurations are realized in the BMV and PVLAS experiments. We demonstrate that we can reproduce the conventional constant field result. Our focus is on effects which arise when the probe photons originate in the field free region, are directed towards the magnetic field region, and detected well after the interaction with the magnetic field has taken place, again at zero field.
Introduction
Virtual charged particle fluctuations in the quantum vacuum give rise to nonlinear, effective couplings between electromagnetic fields [1] [2] [3] . Vacuum birefringence in strong electromagnetic fields constitutes one of the most prominent optical signatures of quantum vacuum nonlinearity arising within the framework of quantum electrodynamics (QED) [4] [5] [6] [7] [8] . It is so far searched for in experiments using macroscopic magnetic fields [9, 10] .
An alternative proposal to verify vacuum birefringence with the aid of high-intensity lasers in an all-optical experimental setup has been put forward by [11] , envisioning the combination of an optical high-intensity laser as pump and a linearly polarized x-ray pulse as probe. Resorting to the locally constant field approximation on the level of the effective Lagrangian, recently we have reanalyzed this vacuum birefringence scenario [12] , rephrasing the phenomenon in terms of a vacuum emission process [13] .
Here, we adopt the same approach to the case of vacuum birefringence in a stationary, perpendicularly directed, purely magnetic background field extending over a finite spatial extent, and show that we can recover the conventional constant field result. While this rederivation serves as a simple illustration of our method, we also point out deviations arising beyond infinitely extended constant background fields: Apart from vacuum birefringence, probe photons originating at zero field, that are directed towards a magnetic field inhomogeneity can experience the phenomenon of quantum reflection [14, 15] . Of course, magnetic fields with a finite extent only constitute corresponding magnetic field inhomogeneities.
For other experimental signatures of quantum vacuum nonlinearities, we refer to the pertinent reviews about this topical research field [16] [17] [18] [19] [20] [21] and references therein.
The locally constant field approximation
For constant electromagnetic fields, the effective Lagrangian encoding quantum corrections to the Maxwell Lagrangian of classical electrodynamics is a function of the gauge and Lorentz invariants of the electromagnetic field
2 ǫ µναβ F αβ is the dual field strength tensor, with ǫ 0123 = 1. Our metric convention is g µν = diag(−1, +1, +1, +1), and we use the Heaviside-Lorentz System with c = = 1. Moreover, Furry's theorem (charge conjugation symmetry of QED) demands the effective Lagrangian to be even in the number of couplings to the electromagnetic field.
The electron mass m is the only other physical energy scale available in QED in constant electromagnetic fields and in the absence of real electrons and photons. Hence, for dimensional reasons, the quantum corrections to the Maxwell Lagrangian vanishing in the limit → 0 are of the following structure,
At one-loop level, this Lagrangian amounts to the renowned Heisenberg-Euler effective Lagrangian [2] , whose low-field expansion reads
where we have counted F µν and * F µν as O(ε).
In inhomogeneous backgrounds additional gauge and Lorentz invariant building blocks become available. For slowly varying fields the deviations from the constant field limit can be accounted for with derivative terms ∼ ∂ α F µν . If the typical frequency/momentum scale of variation of the inhomogeneous background field is υ, which can be related to a typical time/length scale of variation d via υ ∼ 
Stimulated single-photon emission from the vacuum
Here we aim at analyzing vacuum birefringence in terms of a vacuum emission process. As detailed in [13] , the single photon emission amplitude from the vacuum subjected to slowly varying electromagnetic fields is given by
with the single photon state denoted by |γ p (k) ≡ a † k,p |0 . Here p ∈ {1, 2} denotes the polarization of the emitted photon of four wave-vector k µ = (k, k) and k ≡ |k|; the unit wavevector isk = k/k. Equation (3) can be recast into
(p) (k) denotes the normalized field strength tensor of the emitted photon in momentum space, and we have inserted Eq. (2) in the last step.
In spherical coordinates, we havek = (cos ϕ sin ϑ, sin ϕ sin ϑ, cos ϑ), and the two transversal photon polarization modes can be spanned by the two linear polarization vectors
where
fulfillingk · e ⊥,χ = 0. Important constituents of Eq. (4) are the contractions
Because of the antisymmetry of the field strength tensors in the indices µ and ν, it suffices to specify just six independent components, which we collect in the following table
for further reference. The above results are very generic and allow for the determination of single photon emission signals from any field profile compatible with the locally constant field approximation.
Vacuum birefringence as a vacuum emission process
Aiming at the study of vacuum birefringence in terms of a vacuum emission process from a given macroscopic field configuration, the field configuration inducing the outgoing photon signal is the superposition of both the propagating incident probe photon field and the external electromagnetic field "polarizing" the quantum vacuum.
Here, we exemplarily focus on a linearly polarized plane-wave probe traversing a perpendicularly directed magnetic field. We assume the direction of the magnetic field to be globally fixed, and to point into z direction, i.e., B 0 = Be z . The probe photons propagate along x. We parameterize the magnetic and electric fields of the probe photon wave as b = b e β and e = b e β+ π 2
, with e β ≡ (0, sin β, cos β); the choice of the angle β fixes the polarization vector of the probe field. More specifically, b ≡ b(x) = b 0 cos(ω(t − x)), with probe field amplitude b 0 and energy ω > 0. Of course, our approach could be straightforwardly generalized to more general probes beyond the plane-wave limit also. Correspondingly, the superposition of the pump and probe fields results in the macroscopic electromagnetic fields B = Be z + b e β and E = b e β+ π 2 , for which we obtain
In this article, we furthermore assume that the magnetic field B 0 is stationary and homogeneous in the directions perpendicular to the probe photon propagation direction x, i.e., B = B(x). Due to translational invariance in the perpendicular directions, there is no momentum transfer in these directions. The integrations over the coordinates y and z in Eq. (4) can then be performed right away. In turn, the photons induced in the superposition of the pump and probe fields will exclusively propagate along x. Limiting ourselves to terms linear in b 0 , we obtain
where α = e 2 4π . In the conventional notion vacuum birefringence arises as an effect affecting photon propagation. In homogeneous fields it can, e.g., be derived straightforwardly from the photon polarization tensor evaluated in the given background field, generically mediating between an incident and an outgoing photon. By means of the above linearizion in b 0 we specialize our calculation to the same effect, as we thereby limit ourselves to a single coupling to the incident probe photon field. Generically, the above expression also accounts for contributions which are of higher-order in the coupling to the probe photon field, corresponding to photon merging effects, resulting in higher-harmonics. Conversely, we have specialized to single-photon emission from the outset. Finally, note that the same result should also be attainable by specializing the photon polarization tensor derived in Eq. (10) of [22] to weak magnetic fields and determining the photon current as in [12] .
The electric/magnetic peak field amplitude b 0 of the plane-wave probe can be related to the probe's mean intensity via b 0 = 2 I . The mean intensity in turn can be expressed as I = Jω, where J = N LyLzT is the incident probe photon current, i.e., the number of probe photons per area L y L z and time interval T . Equation (11) gives rise to two distinct induced photon contributions of energy ω propagating in positive and negative x direction, respectively. Employing Fermi's golden rule it is convenient to define the numbers of induced frequency-ω photons in forward (+) and backward (−) directions as
Assuming the magnetic field amplitude to be even in x, i.e., B(x) ≡ B(|x|), and leaving the magnetic field profile unspecified for the moment, the modulus squared of Eq. (11) inserted into Eq. (12) becomes
for p = 1 and N
for p = 2, where we made use of
For the scenario considered here, we first span the two polarization modes of the induced photon signal by the polarization vectors in Eqs. (5)- (6) . Recalling that the electric field, and thus the polarization vector, of the incident probe wave points alonĝ e = e β+ π 2 , it is then convenient to decompose the induced photon signal into polarization components polarized parallel and perpendicular to the plane spanned byk andê. Hence, we finally define
) and ǫ
For the number of photons induced in these modes, we obtain
and
Clearly, the photons induced in forward direction give rise to the phenomenon of vacuum birefringence, as long as β = n π 2 with n ∈ N 0 : The induced photons N + ⊥ supplement the outgoing probe photon beam with photons polarized perpendicular to the incident probe beam, which can be interpreted as a birefringence signal [12, 23] .
The photons induced in backward direction constitute a quantum reflection signal [14] , which is a direct consequence of the fact that an external electromagnetic field can be interpreted as constituting an attractive potential in the probe photons' equation of motion: Probe photons originating from the zero-field region which are directed towards a magnetic field region of finite extent can experience above-barrier reflection [24] . Considering the same effect in an infinitely extended homogeneous background field, i.e., without imposing zero-field asymptotics for the incident probe as well as outgoing probe and signal photons, the probe does not sense any variation of the potential and no reflection signal is observed.
Note, that we obtained the same functional form for N ± already in [14] . However, the approach employed there is not capable of unveiling the asymmetry in the coefficients of the forward and backward signals, and thus results in the same numeric prefactors for both directions: In [14] we adapted the locally constant field approximation on the level of the photon polarization tensor. Due to translational invariance, the polarization tensor in homogeneous fields does only depend on a single four momentum k µ . However, the reflection process (−) under consideration genuinely mediates momenta
In turn, terms of the type k µ k ′µ = k 2 x ∓ (k 0 ) distinguishing between the ± directions are not accounted for in [14] . Similar modifications are to be expected for the other scenarios [15] (based on the approach devised in [14] ) for which quantum reflection has been investigated so far.
Let us finally adopt the following specific magnetic field amplitude profile,
depicted in Fig. 1 , which can be straightforwardly Fourier transformed to momentum space, dx e iκx B 2 (x) = LB 2 0 , which is completely independent of the additional length scale a. Hence, we obtain the same expressions for N + /⊥ as if we had naively adapted the homogeneous field result to a finite length interval, i.e., assumed a constant field amplitude B 0 extending over a length L. The second length scale a governs the distance over which the field amplitude increases from 0 to B 0 , and analogously drops from B 0 to 0. This becomes most transparent on the level of B 2 (x), by noting that (ωL)
for the induced photon numbers in forward and backward direction, respectively. The result for N + ⊥ agrees with the one obtained by the conventional calculation, assuming the probe photons to traverse a constant magnetic field B 0 of length L: Here, the number of probe photons scattered in the perpendicular polarization mode is obtained from the phase shift ∆φ = ωL∆n, with ∆n = 
Conclusions
In this article we have exemplarily studied vacuum magnetic birefringence as a vacuum emission process. However, our approach is not limited to the magnetic field case but also applicable to other and more sophisticated field configurations, the only restriction being the limitation to slowly varying electromagnetic fields. Favorably, many field configurations available in the laboratory fall into this class. Insights beyond the locally constant field approximation could, e.g., be obtained from an ab initio worldline numeric evaluation of the photon polarization tensor in a given field inhomogeneity [25] . We have shown that photons originating at zero-field directed towards a localized strong-field region experience the effect of quantum reflection off the strong-field. Due to translational invariance in infinitely extended constant backgrounds, this phenomenon is not encountered in such backgrounds.
